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Decay parameter of coherence and population inversion are calculated from the master equation of
a two level atom tunneling through a squeezed vacuum. Using those parameters, the timescales for
decoherence and zeno effect are calculated in the weak measurement scheme. By comparing those
timescales, a certain condition has been found for sustainable coherent dynamics.
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I. INTRODUCTION
The ability to preserve coherence in a quantum me-
chanical system is of fundamental importance from the
point of view of quantum computation and various other
aspects. In practical scenario, quantum systems are sen-
sitive to environmental interactions, which leads to the
destruction of coherence. According to the standard the-
ory of quantum measurement, each measurement results
in a projection of the state vector to a particular eigen-
state corresponding to the eigenvalue of the observable
which has been measured. In this very process, the
phase relations between different states are destroyed.
In other words, the non-diagonal elements of the den-
sity matrix, which represents the quantum mechanical
coherence, are destroyed. This process is known as the
process of “Decoherence” [1]. From the point of view
of both theoretical and experimental research, the meth-
ods of developing decoherence free subspaces to mini-
mize the destruction of coherent dynamics is extremely
important. For example, the spin echo, multiple pulse
techniques in NMR [2, 3] and the method of dynamical
decoupling for open quantum systems [4, 5] are some of
the examples of various techniques for controlling deco-
herence. Zeno dynamics [6, 7] can play a very important
role in controlling decoherence. Quantum Zeno effect is
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the inhibition of transition for decaying states due to the
process of frequent observations. The short-time behav-
ior of non-decay probability of unstable particle is shown
to be non-exponential but quadratic [8]. Wilkinson et
al. [9] observed this deviation from the usual quantum
mechanical process for decay of unstable states. Misra
and Sudarshan [6] showed that this behavior, if combined
with the quantum theory of measurement, will lead us to
the surprising conclusion of freezing of decay dynamics
due to frequent non-selective measurements. Here we in-
tend to discuss the process of coherence control by repet-
itive measurement and infer the role of Zeno dynamics
in sustaining the quantum coherence of the system. We
consider a two level atom tunneling through a squeezed
vacuum of electromagnetic field. External electromag-
netic fields play the role of reservoir in open quantum
systems. It is possible for squeezed vacuums to assume
the role of the reservoir [10–12], though the properties
of such kind of reservoirs are very much different. It is
quite well known that, squeezed vacuum can have consid-
erable effects on quantum dissipative processes [13], par-
ticularly, when a two-state atomic system interacts with
a broadband squeezed vacuum, the transverse polariza-
tion quadratures exhibit decay processes, though differ-
ent from the usual quantum decays [10]. Squeezed vacu-
ums are certain kind of reservoirs having strong correla-
tions between the field amplitudes at frequencies placed
symmetrically with respect to certain carrier frequency.
Such an unusual reservoir exhibits a number of new fea-
tures. Most of the studies dealing with the problem of
2a two level atom in a squeezed vacuum assume that the
squeezed vacuum is broadband; i.e. the bandwidth of
the vacuum is much larger than the atomic line-width
and the Rabi frequency of the driving field. However,
experimental realization on squeezed state indicates that
the bandwidth of the squeezed light is typically of the
order of the atomic line-width [14–16]. The most popu-
lar schemes for generating squeezed light are those using
parametric oscillator operating below threshold [17, 18],
the output of which is a squeezed beam with a band-
width of the order of the cavity bandwidth. If the oscil-
lator works in a degenerate regime, the squeezed field has
the profile with the maximum of squeezing at the central
frequency and a small squeezing far from the center. In
the non-degenarate regime the profile has two peaks at
frequencies symmetrically displaced from the central fre-
quency. For strong driving field and finite bandwidth of
squeezing this means that the Rabi sidebands can feel
very different squeezing than the central line. A realistic
description of radiative properties of the two level atom
in such a squeezed field must take into account the finite
bandwidth of the squeezed field. Our aim is to inves-
tigate the decay dynamics of the system based on the
framework of weak measurement [19–21]. We have men-
tioned earlier that the weak value of a certain observ-
able is the statistical average of a standard measurement
procedure performed on a pre-selected and post selected
(PPS) ensemble of quantum systems, given that the in-
teraction between the measurement apparatus (or the in-
teracting field) and each system is sufficiently weak. In
our case, we interpret measurement as the interaction be-
tween the two level atomic system and the squeezed elec-
tromagnetic field. Unlike standard measurement of an
observable, which sufficiently disturbs the measurement
system, a weak measurement of a quantum mechanical
observable done on a PPS system does not appreciably
disturb the system and yields the weak value as the mea-
sured value of the observable. Since each interaction of
the field or apparatus with the system is weak, any sin-
gle measurement does not contain sufficient information
about the system. Here an ensemble average over numer-
ous such interactions can give us some meaningful results.
So in our case, we consider numerous interactions of the
squeezed field and the two level atom to infer the decay
dynamics. By decay dynamics we mean both the decay
of pre-selected state and the coherence destruction. In
order to do that, we consider the time dependent weak
value of of certain operator as described by Davies [22].
Based on the formalism of Davies [22], where a general-
ized decay law for metastable states has been derived, we
calculate the timescales for both Zeno dynamics and co-
herence destruction. By comparing those timescales, we
derive certain condition for sustainable quantum coher-
ence. In the next section, we discuss the master equation
for the two level atom tunneling through a squeezed vac-
uum and find the decay parameters related to state decay
and decoherence. After that we derive the weak values of
the mentioned timescales and compare them to find the
condition for sustainable coherence. Then we conclude
with some possible implications.
II. MASTER EQUATION FOR TWO LEVEL
ATOM TUNNELING THROUGH A SQUEEZED
VACUUM
Let us now consider the master equation for the two
level atom tunneling through a squeezed vacuum and cal-
culate the decay constants in terms of system and bath
parameters. A very important fundamental property of
squeezed states is that they reduces quantum fluctua-
tions. The squeezing effect of electromagnetic fields has
been studied by many researchers in the field of quan-
tum optics [10, 11, 23, 24] over the past years. Here we
follow the work of Tanas´ [25, 26], where the problem of
two state system tunneling through a squeezed vacuum is
dealt in the master equation approach. The Hamiltonian
of the system and reservoir is defined as
HT = Hs +Hr +Hl +Hint (2.1)
where Hs is the system Hamiltonian,Hr is that of the
reservoir vacuum field, Hl is the same for the interaction
between the atom and the classical laser field and Hint
is for the interaction between atom and the vacuum field
respectively. They are described as
Hs =
1
2~ωAσz = − 12~∆σz + 12ωLσz
Hr = ~
∫∞
0
dωωb†(ω)b(ω)
Hl =
1
2~Ω[σ+ exp(−iωLt) + σ− exp(iωLt)]
Hint = i~
∫∞
0
K(ω)[b†(ω)σ− − b(ω)σ+]dω
(2.2)
where b†(ω) and b(ω) are the creation and annihilation
operators for the field, which is assumed as a collection
of harmonic oscillators. In equation 2.2, K(ω) is the
coupling of the atom to the vacuum modes and ∆ =
ωL−ωA is the detuning of the driving laser field frequency
ωL from the atomic frequency ωA. The laser driving field
strength is given by the Rabi frequency Ω. It is assumed
that the reservoir is in a squeezed vacuum state in which
the creation and annihilation operators obey the relations
〈b(ω)b†(ω′)〉 = (N(ω) + 1)δ(ω − ω′)
〈b†(ω)b(ω′)〉 = N(ω)δ(ω − ω′)
〈b(ω)b(ω′)〉 =Mδ(2ωL − ω − ω′)
(2.3)
The functions N(ω) and |M(ω)| are the parameters de-
scribing the squeezing, which are given by
N(ω) = λ
2−µ2
4
[
1
x2+µ2 − 1x2+λ2
]
|M(ω)| = λ2−µ24
[
1
x2+µ2 +
1
x2+λ2
] (2.4)
x = ω − ωL is the shift from the original laser frequency
ωL. λ and µ are functions in relation to the cavity damp-
ing rate γ and amplification coefficient ǫ.
λ = γ + ǫ, µ = γ − ǫ (2.5)
3and M = |M |eiφ. φ is considered as the phase of squeez-
ing. The cavity dissipation constant (γ) is related to the
coupling constant (K(ω)) by γ = 2πK(Ω)2 [24]. The
resulting master equation is formulated as [26]
ρ˙ = 12 iγδ[σz, ρ]
+ 12γN˜(2σ+ρσ− − σ−σ+ρ− ρσ−σ+)
+ 12γ(N˜ + 1)(2σ−ρσ+ − σ+σ−ρ− ρσ+σ−)
−γM˜σ+ρσ+ − γM˜∗σ−ρσ− − 12 iΩ[σ+ + σ−, ρ]
+ 14 i(β[σ+, [σz, ρ]]− β∗[σ−, [σz , ρ]])
(2.6)
where
N˜ = N(ωL +Ω
′) +
1
2
(1− ∆˜2)ReΥ− (2.7)
M˜ = M(ωL +Ω
′)− 1
2
(1− ∆˜2)Υ− + i∆˜δMeiφ (2.8)
Υ = N(ωL)−N(ωL +Ω′)
− [|M(ωL)| − |M(ωL +Ω′)|]eiφ (2.9)
δ =
∆
γ
− 1
2
(1− ∆˜2)ImΥ− + ∆˜δN (2.10)
β = γΩ˜
[
δN + δMe
iφ − i∆˜Υ−
]
(2.11)
Ω′ =
√
Ω2 +∆2, Ω˜ =
Ω
Ω′
, ∆˜ =
∆
Ω′
(2.12)
δN and δM are the shifts induced due to squeezing.
M = |M |eiφ, where φ is the squeezing angle. From the
master equation given by 2.6 [26] we can get
〈σ˙−〉 = −γ(12 + N˜ − iδ)〈σ−〉 − γM˜〈σ+〉+ i2Ω〈σz〉〈σ˙z〉 = i(Ω + β∗)〈σ−〉 − i(Ω + β)〈σ+〉
− γ(1 + 2N˜)〈σz〉 − γ
(2.13)
Equation for 〈σ˙+〉 is the hermitian conjugate of the equa-
tion for 〈σ˙−〉. So from 2.13 we get
d
dt(〈σ+ + σ−〉) = −γ(12 + N˜ + M˜∗ − iδ)〈σ−〉
− γ(12 + N˜ + M˜ + iδ)〈σ+〉
= −γ
(
1
2 + N˜ +ReM˜
)
(〈σ+〉+ 〈σ−〉)
+ i(ImM˜ + δ)(〈σ+〉 − 〈σ−〉)
(2.14)
From 2.14 we can get the decay rate of 〈σ+ + σ−〉 as
Γdec = γ
(
1
2
+ N˜ +ReM˜
)
(2.15)
We interpret this decay parameter as the decay constant
associated to the destruction of coherence. σ± opera-
tors represent the switching of both the states from one
to another. This is only possible if the system is in su-
perposition of both the available states. Decay of the
ensemble average of σ± means the decay of quantum su-
perposition; i.e. the destruction of coherence. Similarly
from 2.13 we get the decay constant for pre-selected σz
state as
Γpop = γ
(
1 + 2N˜
)
(2.16)
This parameter represents the population inversion from
the initial pre-selected state to the other. We use these
parameters to get the weak value of decohernce and zeno
timescales in the next section.
III. WEAK VALUE OF DECOHERNCE TIME
AND ZENO TIME
Now we are going to calculate the timescales associated
to the processes of coherence destruction (decoherence)
and freezing of state decay by frequent non-selective mea-
surements (zeno effect) in the weak measurement frame-
work. The reason behind using this particular framework
is that in our consideration the interaction between the
squeezed electromagnetic field and the system is suffi-
ciently weak. So one single measurement or interaction
on the system does not give any significant result; or in
other words does not disturb the system in a consider-
able way. So numerous such interactions are taken into
account to get an ensemble average for some quantum
observable. Similar to what was done in the previous
chapter, we use the framework originally developed by
Davies [22] to find the weak value for the decay law of
metastable states.
Consider the time evolution for the state of the system
|ψ(t)〉 = U(t− t0)|ψ(t0)〉 (3.1)
where the time evolution operator is given by
U(t− t0) = e−iH(t−t0) (3.2)
The time dependent weak value of some operator A pre
-selected at time ti and post selected at tf is expressed
as
Aw =
〈ψf |U †(t− tf )AU(t− ti)|ψi〉
〈ψf |U †(t− tf )U(t− ti)|ψi〉 (3.3)
Considering a two level atom in an external magnetic
field B, we get the Hamiltonian of the system as
Hs = −µ.B (3.4)
where
µ = −e~S
2m
(3.5)
and
S = (σx, σy, σz) (3.6)
4σi=x,y,z are the usual Pauli spin matrices. If we consider
that the magnetic field is in the z-direction, the system
Hamiltonian reduces to
Hs =
1
2
~ωAσz (3.7)
The time evolution operator for the system
U(t) =
(
eiωAt/2 0
0 e−iωAt/2
)
(3.8)
Let us now consider that at initial time ti the particle is
x-polarized. Then we get
|ψi〉 = 1√
2
(
1
1
)
(3.9)
The associated projection operator is
P+ =
1√
2
(
1 1
1 1
)
(3.10)
In case of the decay of metastable states, let us consider
the system is coupled to a bath of 2R number of en-
vironmental modes initially in their ground states. In
presence of the interaction with the environmental bath
modes, the system is viable to loose energy to the bath
modes. Let us consider for simplicity that any arbitrary
excited state Er satisfies the relation
Er − E0 = n∆E, −R ≤ r ≤ R (3.11)
It is assumed that the reference atom is equally coupled
to all the bath modes and the energy states are equis-
paced. If a0 is the amplitudes of the initial pre-selected
state, then following Davies [22], we find
a0(t) = e
−Γ(t−ti) (3.12)
where Γ is the decay parameter. The time evolution op-
erator U(t) is a (2N +1)× (2N+1) dimensional matrix,
whose components are Uij . Now following Davies [22],
we get
U00 = e
−Γt (3.13)
within the limit ∆E → 0. Under the relation U †(t) =
U(−t) the time dependent weak value of some operator
A
Aw =
〈ψf |U(tf − t)AU(t− ti)|ψi〉
〈ψf |U(tf − ti)|ψi〉 (3.14)
Now for our purpose of getting the weak value of survival
probability, we take the operator A as the projection op-
erator P+. Let us assume that the post selected final
state at tf be |ψk〉. So the weak value of the projection
operator gives
Pw =
Uk0(tf − t)U00(t− ti)
Uk0(tf − ti) (3.15)
Now we want to get expression for the weak value of
the survival probability for the pre-selected state. So
choosing Ek = E0 (ie. the post selected state is the same
as the pre selected state), we get the simple expression
Pw = e
−Γ(t−ti)
[
1− e−Γ(tf−t)
1− e−Γ(tf−ti)
]
(3.16)
The total time interval which consists of n successive
measurements is taken as tf − ti = nτM . Where τM is
the time interval between two successive measurements.
This time interval is nothing but the interval between
two successive interaction with the field. From 3.16 we
get
Pw = 1 for t = ti
= 0 for t = tf
(3.17)
So 3.16 gives the generalized decay law in weak measure-
ment scheme. At the instant of initial measurement (ti),
the particle is in the pre selected state and at the instant
of final measurement (tf ), the particle is decayed due to
the interaction with the environment. So we get the de-
cay time by integrating over the weak survival probability
within the limit ti to tf
τdecay =
∫ tf
ti
e−Γ(t−ti)
[
1− e−Γ(tf−t)
1− e−Γ(tf−ti)
]
dt (3.18)
The amplitude of the squeezed field varies with it’s fre-
quency ωL. The amplitude of the field becomes max-
imum after this interval. So this time period equaling
to the inverse of ωL can also be interpreted as the time
period of maximum interaction. Therefore we infer that
the measurement time is equal to the inverse of ωL .Again
here we are considering the Zeno dynamics; i.e. frequent
observation. So the measurement time is considered to
be quite small. Under the assumption τM ≪ 1/Γ, from
3.18 we get the decay time
τdecay =
1
Γ + 2ωL/n
(3.19)
Here we have taken τM = 1/ωL. Now putting the co-
herence decay parameter Γdec from 2.15 of the previous
section in 3.19, we get the weak value of decoherence time
as
τdec =
1
γ
(
1
2 + N˜ +ReM˜
)
+ 2ωL/n
(3.20)
This is the timescale within which the system loses it’s
coherence; i.e. the non-diagonal components of the re-
duced density matrix of the system vanishes.
Now we turn our attention to calculate the Zeno time for
the concerning system. As we have mentioned earlier,
the quantum zeno effect is the inhibition of transition
of metastable states under frequent observation, so the
timescale for Zeno effect is the timescale within which the
5system stays in it’s initial state. We get the weak value
of this particular timescale by putting the expression of
state decay parameter from 2.16 in 3.19 as
τzeno =
1
γ
(
1 + 2N˜
)
+ 2ωL/n
(3.21)
In our understanding, the dynamics of decoherence and
Zeno effect has got an intrinsic reciprocal relation. Let
us elaborate the reason behind this statement. When-
ever any kind of disturbance in the form of interaction
dominates the time evolution of the state, the concern-
ing system evolves in a reduced subspace of the total
Hilbert space [7]. This reduced subspace is known as
“Zeno subspace”. The appearance of these kind of sub-
spaces is caused by frequent non-selective measurement.
Frequent measurements splits the total Hilbert space into
these subspaces, within which leakage of probability is
not possible. So it can be argued that each of these re-
duced subspaces acts like an isolated space, within which
environmental interaction is absent, or at least minimum.
Under very strong environmental interaction, these sub-
spaces cannot be sustained due to extreme decoherence.
It is our inference that the timescale characterizing Zeno
effect must give a certain lower limit to decoherence, be-
low which the process of decoherence is very fast and un-
controllable. So to control the process of decoherence by
means of frequent non-selective measurement, we must
state a precondition that the decoherence time must be
greater than the zeno time for the system.
Comparing 3.20 and 3.21 we get
τzeno
τdec
=
1
2
+
2γReM˜ + ωL/n
γ(1 + 2n˜) + 2ωL/n
(3.22)
As per our argument given above: τdec ≥ τzeno. Under
this condition sustainable coherent dynamics is possible.
Imposing this condition on 3.22, we get
4ReM˜ ≤ (1 + 2N˜) (3.23)
From 3.23 we can calculate further to get√
∆˜2δ2M + |M(ωL +Ω′)|2 sin(θ − φ)
1 + 2N(ωL +Ω′) + 3(1− ∆˜2)ReΥ−
≤ 1
4
(3.24)
where
tan θ =
|M(ωL +Ω′)|
∆˜δM
(3.25)
A special case of squeezing phase [27] can be set as
φ(∆) =
π∆
Ω
(3.26)
The condition 3.24 will surely hold if θ → φ. In our
consideration, the cavity damping constant (γ) and the
real amplification constant (ǫ) are small compared to the
Rabi frequency (Ω). So Ω≫ µ, λ. Under this condition,
using the expressions of δM from [26], we find that
tan θ =
1
Ω′∆˜
µλ
µ+ λ
=
γ2 − ǫ2
2∆γ
(3.27)
The sufficient condition for Zeno effect to dominate over
decoherence can be stated as
γ2 − ǫ2
2γ
→ ∆tan
(
π∆
Ω
)
(3.28)
For a special case, if ∆≪ Ω, we find that the condition
will hold if γ ∼ ǫ. i.e. for the case where the shift of laser
and atomic frequency is very small compared to the Rabi
frequency and for small dissipation, the Zeno dynamics
will dominate over the decoherence dynamics, if the real
amplification constant is comparable in magnitude to the
cavity dissipation parameter. Under this condition, sus-
tainable coherent dynamics can be achieved.
IV. CONCLUSION
In this work, we have done a comparison between de-
coherence and Zeno dynamics in the framework of weak
measurement. The weak value of decoherence time and
Zeno time has been calculated and compared. Based
on the assertion that decoherence time must be longer
than Zeno time for the Zeno effect to dominate over de-
coherence, we found a certain condition under which we
have sustainable coherent dynamics. Here we have con-
sidered the system of a two level atom tunneling through
a squeezed vacuum. These type of systems are used to
develop optical ion traps, which are important compo-
nents for developing quantum memory devices. But the
challenge for building quantum memory devices is that
of controlling decoherence effect to sustain the “quan-
tumness” of the system. In this work, we have shown
that Zeno dynamics can be an effective process to con-
trol such environmental effects. The reason behind using
the weak measurement framework is also necessary to
mention here. In this type of measurement scheme, the
interaction between the system and the measuring de-
vice (in our case the squeezed field) is made very small.
This is a good way to minimize the environmental inter-
action, which is in turn helpful for reducing the effect of
decoherence. Another important feature of weak mea-
surement process is that, here we take an ensemble aver-
age of numerous observations over the pre-selected and
post-selected states, because one single measurement in-
teraction cannot bring out enough information about the
system. Since the Zeno dynamics is initiated by frequent
observations, an ensemble average over many such obser-
vations is necessary to observe the dynamics over a finite
period of time. So weak measurement scheme is also
very much compatible with the Zeno type measurement
procedure. Now we have mentioned earlier that control-
ling decoherence dynamics is essential to build quantum
6memory devices. As we have shown in this work that this
type of effect can be minimized using certain procedures
like frequent non-selective measurement and weak mea-
surement scheme, but effectively it cannot be eradicated
completely. So it is important to construct the quantum
computational schemes in the backdrop of open quantum
systems. Considering these facts, we intend to extend our
formalism to the area of adiabatic quantum computation
in future publications.
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